Abstract. The basic repair rate models for repairable systems may be homogeneous Poisson processes, renewal processes or nonhomogeneous Poisson processes. In addition to these models, geometric processes are studied occasionally. Geometric processes, however, can only model systems with monotonously changing (increasing, decreasing or constant) failure intensity. This paper deals with the reliability modelling of the failure process of repairable systems when the failure intensity shows a bathtub type non-monotonic behaviour. A new stochastic process, an extended Poisson process, is introduced. Reliability indices and parameter estimation are presented. A comparison of this model with other repair models based on a dataset is made. 
Notation
n the order number of repair times 
Introduction
A repairable system is a system which, after failing to perform one or more of its functions satisfactorily, can be restored to fully satisfactory performance by any method, rather than the replacement of the entire system (Ascher and Feingold 1984a) . Repair models developed upon successive inter-failure times have been employed in many applications such as optimisation of maintenance policies, decision making and whole life cycle cost analysis. With different repair levels, repair models can be broken down into three categories (Yanez et al. 2002) : models for perfect repair, models for normal repair and models for minimal repair. A perfect repair can restore the system as good as new, a normal repair can bring the system to any condition and a minimal repair can restore the system in the state it was before failure. Examples of models for perfect, normal and minimal repair are Homogeneous Poisson Process (HPP), Generalised Renewal Process (GRP) and Non-Homogeneous Poisson Process (NHPP) models, respectively. According to the failure intensity of repair models, repair models fall into three categories: models with constant failure intensity (e.g., HPP models), models with time-dependent failure intensity (e.g., NHPP models) and models with repair-timesdependent failure intensity (e.g., geometric process (GP) models (Lam 1988) ).
For HPP models,
is assumed to be a sequence of independent exponential random variables. In RP models,
is a sequence of independent random variables, and extend HPP models. NHPP models assume that
is a sequence of exponential random variables with timedependent means. Different time-dependent means have been utilised from time to time. A geometric process (Lam 1988 ) is a sequence of independent non-negative random variables,
) is a renewal process. In addition to the above-mentioned models, there are some other models that have been used. Trend renewal models (Lindqvist et al. 2003) can be used to describe the situation when failure data show a trend. Meanwhile, many different repair models have been introduced for dealing with different assumptions (Block et al. 1985; Brown and Proschan 1983; Lindqvist et al. 2003; Wang and Pham 1996) . The reader is referred to Wang 2002 ) and (Scarf 1997) for detailed and comprehensive discussions on the theoretic discussion and the application of models in maintenance, respectively.
The majority of repair models assume that, when a system fails, the repair action can restore the system to the conditions it was in just before the failure occurrence. The real situation, however, may be different: the system after repair is newer or older than that before the failure occurred. In this case, the failure intensity of the system after repair is different from that before failure occurrence; it is reasonable therefore to use a process such as a geometric process (GP) to deal with these situations because the failure intensity patterns after each repair can be differentiated in GP models.
With different values of parameter a, GP models are used to describe the stochastic decrease of lifetime of a component after repairs and the stochastic increase of repair time after failures. The GP models, however, can only describe a scenario where the failure intensity of a system is monotonously increasing or decreasing with the operating time, they cannot be appropriately applied when a non-monotonic or a complicated trend in the failure data is observed. For instance, a well-known curve for describing the change of failure intensity is bathtub-shaped. Patterns of failure intensities in reliability theory and practice are usually illustrated using the bath-tub curves which define the whole lifetime of a population of devices. A bathtub curve can be viewed as comprised of three successive distinct periods: a 'burn-in' period with decreasing failure intensity, following an intrinsic failure period of time with a constant failure intensity and a 'wear-out' time period with increasing failure intensity.
GPs show interesting properties as they extend HPPs and RPs and are easy to use. Lam (Lam 1988; Lam and Zhang 2003; Lam et al. 2002) , Zhang (Zhang 1999; Zhang 2002 ), Lam and Zhang (Lam and Zhang 2003; Lam et al. 2002) and Wu (Wu et al. 1994 ) made use of GPs to develop maintenance policies and analysis system reliability indices such as, steady state availability and system reliability. With different parameter a, a geometric process can be applied to model times between failures (TBF) and times between repairs (TBR) of a system with stochastic monotonously increasing (or happy systems), decreasing failure intensity (or sad systems) or constant failure intensity. However, GPs, however, can only model system's MTBF or MTBR within one of the three periods in a bathtub curve such as, only the 'burn-in' period, or the intrinsic period or the 'wear-out' period.
Poisson processes (including HPPs and NHPPs) have been most widely used in modelling the behaviour of repairable systems. In this paper, we will introduce a new non-homogeneous Poisson processes which take advantage of the strength from both Poisson processes and geometric processes. Parameters estimation and data examples are given in the following sections.
Models
Definition 1 (Ross 1996). Given r.v. X and r.v 
Definition 2 (Lam 1988 From definition 3, the following can be obtained Scenarios ). EPP models can therefore be regarded to be the discretisation version of Cox-Lewis models.
During the application, we can use at most three parameters of b a , , , β α because from the scenarios (1) to (4), only three parameters are needed. In scenario (5), one of the parameters, α or β , can be set to be 1 as the result is the same as when neither of the two parameters is 1. 
respectively. Proof: According to the theory of renewal processes, we have
From Definition 3, ROCOF of the process is
Then, the expected number of failures within time interval
The expected system reliability in the interval
We have proved proposition 1. Let us consider a replacement policy: in the whole life cycle, if the cost C for repairing a system is smaller than the profit that the system has produced, then the system is replaced with a new one. The major measure for this problem is to determine the number of cycle N. Let n Y be the survival time after (n-1)th repair and the pdf of n Y is ) ) (( Then we need to minimise the following measure to obtain the optimal replacement policy:
Parameter Estimation
For estimating parameters in an extended Poisson process, both the maximum likelihood algorithm and the least square algorithm can be used. The estimation of parameter for a GP has not yet been discussed although many authors have been using GPs to deal with problems in the optimisation of maintenance polices (Lam and Zhang 2003; Lam et al. 2002; Zhang 1999; Zhang 2002 ) and reliability analysis (Wu et al. 1994; ) .
For example, for an EPP
, we make use of the least squared algorithm to estimate the parameters. Assume {
} is a sequence of data which indicates to the time to failure in each cycle. From Eq. (1), we can minimise the following least squared function,
to obtain the estimate of the parameters.
Numerical Examples
Consider the bus engine failure data in (Davis, 1952 
Concluding Remarks
The application of GP is rather restricted in the sense that it can only describe a system with either increasing or decreasing failure intensities. EPP model introduced in this paper can model repairable systems with more complicated shaped failure intensities.
Baker and Christer (Baker and Christer 1994) pointed out that the majority of models for failure intensity in literature were "the lack of evident conviction in applicability to real-world situations manifest by no indication of how the values of model parameters can be determined and no examples of actual applications or case studies or post-modelling analysis". GP models apparently suffered these drawbacks. The model introduced in this paper addresses these drawbacks by providing parameter estimation and a case study. However, further work should be studied for comparisons of this model with other models such as HPP, NHPP.
